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a b s t r a c t
In this paper, we obtain new sufficient conditions for the operator Gn,α(z) = {[n(α −
1) + 1]  z0 (g1(t))α−1 · · · (gn(t))α−1 dt} 1n(α−1)+1 to be univalent in the open unit disc U,
where each of the functions g1, g2, . . . , gn satisfy the condition
 zg ′i (z)gi(z) − a < b, (i =
1, 2, . . . , n; z ∈ U; |a− 1| < b ≤ a).
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and definitions
LetA denote the class of functions of the form
f (z) = z +
∞
n=2
anzn
which are analytic in the open unit discU = {z : |z| < 1}. Further, by S we shall denote the class of all functions inAwhich
are univalent inU.
A function f ∈ A is said to be in the class S⋆(a, b) if zf ′(z)f (z) − a
 < b (z ∈ U; |a− 1| < b ≤ a). (1.1)
The class S⋆(a, b)was introduced by Jakubowski [1]. It is clear that a > 12 and S
⋆(a, b) ⊂ S⋆(a−b) ⊂ S⋆(0) ≡ S⋆, where
S⋆ is the usual class of starlike function with respect to the origin inU.
Very recently, several authors (e.g., see [2–8]) have obtained various sufficient conditions for the univalence of the
following integral operator
Gn,α(z) =

[n(α − 1)+ 1]
 z
0
(g1(t))α−1 . . . (gn(t))α−1dt
 1
n(α−1)+1
(1.2)
where the functions g1, g2, . . . , gn belong to the class A and α is a complex number such that the integrals in (1.2) exist.
Here and throughout in the sequel every many-valued function is taken with the principal branch. The integral operator in
(1.2) was introduced and studied by Breaz and Breaz [9].
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Remark 1.1. For n = 1, the integral operator Gn,α(z) reduces to the integral operator
Gα(z) =

α
 z
0
(g(t))α−1dt
 1
α
(1.3)
studied by Moldoveanu and Pascu [10].
In this paper, we obtain new sufficient conditions for the operator Gn,α(z) to be univalent in the open unit discU, where
the functions g1, g2, . . . , gn belong to the above class S⋆(a, b).
In the proofs of our main results we need the following univalence criteria.
Lemma 1.2 ([11]). Let α ∈ C with Re{α} > 0, c ∈ C with |c| ≤ 1, c ≠ −1. If f ∈ A satisfiesc|z|2α + (1− |z|2α) zf ′′(z)αf ′(z)
 ≤ 1,
for all z ∈ U, then the integral operator
Fα(z) =

α
 z
0
tα−1f ′(t)dt
 1
α
(1.4)
is analytic and univalent inU.
Lemma 1.3 ([12]). Let α ∈ C with Re{α} > 0. If f ∈ A satisfies
1− |z|2Re(α)
Re(α)
 zf ′′(z)f ′(z)
 ≤ 1,
for all z ∈ U, then the integral operator defined by (1.4) is analytic and univalent inU.
2. Univalence conditions for Gn,α(z)
Applying Lemma 1.2, we prove the following theorem.
Theorem 2.1. Let α ∈ Cwith Re{α} > 0, c ∈ Cwith |c| < 1. If gi(z) ∈ S⋆(a, b) for all i = 1, 2, . . . , n,where |a−1| < b ≤ a
and
b ≤ |α|
2n(1+ |α|) (1− |c|), (2.1)
then the integral operator Gn,β(z) defined by (1.2) is analytic and univalent inU.
Proof. Setting
f (z) =
 z
0
n
i=1

gi(t)
t
α−1
dt
we observe that f (0) = f ′(0)− 1 = 0, where
f ′(z) =
n
i=1

gi(z)
z
α−1
. (2.2)
Moreover, by noting that
f ′′(z) = (α − 1)
n
i=1

gi(z)
z
α−2  zg ′i (z)− gi(z)
z2
 n
k=1
(k≠i)

gk(z)
z
α−1
, (2.3)
From (2.2) and (2.3), we immediately have
zf ′′(z)
f ′(z)
= (α − 1)
n
i=1

zg ′i (z)
gi(z)
− 1

,
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or, equivalently,
zf ′′(z)
f ′(z)
= (α − 1)
n
i=1

zg ′i (z)
gi(z)
− a

+
n
i=1
(α − 1)(a− 1), (2.4)
Since gi(z) ∈ S⋆(a, b) for all i = 1, 2, . . . , n; |a− 1| < b ≤ a, it follows from (2.4) thatc|z|2α + (1− |z|2α) zf ′′(z)αf ′(z)
 =
c|z|2α + (1− |z|2α)(α − 1)α
n
i=1

zg ′i (z)
gi(z)
− a

+ n(α − 1)(a− 1)

≤ |c| + 1+ |α||α|

n
i=1
 zg ′i (z)gi(z) − a
+ n|a− 1|

≤ |c| + 1+ |α||α| [nb+ nb]
≤ |c| + 2(1+ |α|)|α| nb.
which, in the light of the hypothesis (2.1), yieldsc|z|2α + (1− |z|2α) zf ′′(z)αf ′(z)
 ≤ 1.
Finally, by applying Lemma 1.2, we conclude that Gn,β(z) ∈ S. 
Putting n = 1, c = 0 and g1(z) = g(z) in Theorem 2.1, we immediately have.
Corollary 2.2. Let α ∈ C with Re{α} > 0. If g(z) ∈ S⋆(a, b), where |a− 1| < b ≤ a and
b ≤ |α|
2(1+ |α|) ,
then the integral operator Gα(z) defined by (1.3) is analytic and univalent inU.
With the help of Lemma 1.3, we now derive the following theorem.
Theorem 2.3. Suppose that gi(z) ∈ S⋆(a, b); for all i = 1, 2, . . . , n, where |a − 1| < b ≤ a and b > 12n . Also let α = ζ + iη
(ζ , η ∈ R) be a complex number where
ζ ∈

2nb
2nb+ 1 ,
2nb
2nb− 1

, η ∈

0,
1√
4n2b2 − 1

(2.5)
and
((ζ − 1)2 + η2)4n2b2 − ζ 2 ≤ 0 (2.6)
then the integral operator Gn,α(z) defined by (1.2) is analytic and univalent inU.
Proof. From (2.4), we immediately have
1− |z|2ζ
ζ
 zf ′′(z)f ′(z)
 ≤ 1− |z|2ζζ

|α − 1|

n
i=1
 zg ′i (z)gi(z) − a
+ n|a− 1|

≤ 1− |z|
2ζ
ζ

(ζ − 1)2 + η2(2nb)
≤ 2nb

(ζ − 1)2 + η2
ζ
(z ∈ U). (2.7)
Now it follows from (2.5) and (2.6) that
1− |z|2ζ
ζ
 zf ′′(z)f ′(z)
 ≤ 1 (z ∈ U).
Finally, by applying Lemma 1.3 for the function f (z), we conclude that Gn,β(z) ∈ S. 
Putting n = 1 and g1(z) = g(z) in Theorem 2.3, we immediately have the following corollary.
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Corollary 2.4. Suppose that g(z) ∈ S⋆(a, b); where |a− 1| < b ≤ a and b > 12 . Also let α = ζ + iη (ζ , η ∈ R) be a complex
number where
ζ ∈

2b
2b+ 1 ,
2b
2b− 1

, η ∈

0,
1√
4b2 − 1

(2.8)
and
((ζ − 1)2 + η2)4b2 − ζ 2 ≤ 0 (2.9)
then the integral operator Gα(z) defined by (1.3) is analytic and univalent inU.
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